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Abstract

A simple method is proposed to design PI/PID controllers for stable first-order plus time delay (FOPTD) systems. The method is based
on matching the coefficient of corresponding powers of s in the numerator and that in the denominator of the closed loop transfer function
for a servo problem. This method gives simple equations for the controller settings in terms of the FOPTD model parameters. Simulation
results show that the method gives a similar response as that of Ziegler–Nichols (Z–N) method and better response than that of IMC method.
Controllers are also designed by using two tuning parameters and the performance is best when compared to that of Z–N [ASME Trans. 64
(1942) 759] and Abbas [ISA Trans. 36 (1997) 183]. The controller settings give a robust performance for uncertainty in the process model
parameters. The method is also extended to design PI/PID controllers for an unstable FOPTD system. Simulation results show that the present
method gives improved performances: (i) for PID controllers over that of the controllers designed by Huang and Chen [J. Chem. Eng. Jpn. 32
(1999) 579], IMC method and that proposed by Visioli [IEE Proc. CTA 148 (2001) 180] and (ii) for PI controllers over the method of Jung
et al. [J. Process Contr. 9 (1999) 265]. Theoretical analysis of stability and robustness of the proposed controller are also provided.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

For the purposes of designing controllers, the dynamics of
many processes can be described adequately by a first-order
plus time delay (FOPTD) model. Methods for tuning PID
controllers for such models are based on stability analysis
(Cohen & Coon, 1953; Ziegler & Nichols, 1942), synthe-
sis method (Smith & Corripio, 1985), constant open loop
transfer function method (Haalman, 1965), pole placement
method (Clement & Chidambaram, 1997a, 1997b) and inter-
nal model controller (Rivera, Morari, and Skogetad, 1986;
Wang, Hang, and Yang, 2001). An excellent review of the
work reported on the design of PID controllers is given by
Astrom and Hagglund (1995).

The design of PID controllers for unstable FOPTD model
has attracted attention recently (Chidambaram, 1997). The
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performances specifications that are normally obtained
for stable FOPTD model cannot be obtained for unsta-
ble systems. The methods for designing PID controllers
for unstable FOPTD systems are given by the modified
Ziegler–Nichols (Z–N) method (DePaor & O’Malley, 1989;
Ho & Xu, 1998; Venkatasubramaniam & Chidambaram,
1994), IMC method (Marchetti, Scali, & Lewin, 2001;
Rotstein & Lewin, 1991), pole placement method (Clement
& Chidambaram, 1997a, 1997b), optimization method
(Cheng & Hwang, 1998; Manoj & Chidambaram, 2001;
Visioli, 2001), two degrees of freedom method (Huang and
Chen, 1997, 1999) and synthesis method (Chandrashekar,
Padmasree, and Chidambaram, 2002; Jung, Song, and Hyun,
1999). In many of these methods, one or two adjustable
parameters are used to calculate the PID settings.

In all the above methods, the design procedure is some-
what complicated. In the present work, a simple method is
proposed to design PI and PID controllers for both the stable
and unstable FOPTD systems. The equations for the con-
troller settings are simple in terms of the model parameters.

0098-1354/$ – see front matter © 2004 Elsevier Ltd. All rights reserved.
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Nomenclature

k1, k2, k3 defined byEqs. (3)–(5), respectively
kc controller gain
kp process gain
q =sτ
s Laplace variable
u manipulated variable
y output
yr set point value fory

Greek letters
α tuning parameter
α1 tuning parameter
α2 =βτ1
β tuning parameter
ε τd/τ
τ time constant of the system
τd time delay
τD derivative time
τI integral time

2. The proposed method

Let us consider a FOPTD systemkp exp(−τds)/(τs ± 1),
with ‘+’ sign for stable systems and ‘−’ sign for unstable
systems. Let us consider a PID controller.

The PID control law is given by

u(s)

e(s)
= kc

[
1 + 1

τIs
+ τDs

]
(1)

whereu is manipulated variable ande is error.
The closed loop transfer function relating the output vari-

able (y) to the set point (yr) is given by

y(q)

yr(q)
= [k1q + k2 + k3q

2]

×
[

exp(−εq)

(s ± 1)q + (k1q + k2 + k3q2) exp(−εq)

]
(2)

where

k1 = kckp (3)

k2 = k1

τI/τ
(4)

k3 = k1(τD/τ) (5)

ε = τd

τ
(6)

q = sτ (7)

The above equation can be written as

y(q)

yr(q)
= [k1q + k2 + k3q

2]e0.5εq

× e−εq

(q ± 1)qe0.5εq + (k1q + k2 + k3q2)e−0.5εq
(8)

Let us consider the numerator and the denominator terms
of Eq. (8) using the Taylor series expansion for e0.5εq and
e−0.5εq . We shall remove the e−εq term in the numerator for
further analysis, since this will only shift the corresponding
time axis. With this approach, the order of the numerator is
the same as that of the denominator. The coefficient of the
constant term (coefficient ofq0) of the numerator is already
equal to that of the denominator because of the presence
of the integral action. Let us first consider open loop stable
systems. Since the objective of the controller is to make
y/yr = 1, let us equate the coefficient of the corresponding
powers ofq of the numerator with that of the denominator.
On equating the powers ofq, we get

k2 = 1

ε
(9)

On equating the coefficient ofq2 of the numerator and
the denominator terms, we get

k1 = 1

ε
+ 0.5 (10)

Similarly on equating the coefficient ofq3, we get

2k3 = 1 + 1
6ε (11)

On rearranging all the above three equations, we get the
following simple equations for the PID controller settings
in terms of the model parameters:

kckp = τ

τd
+ 0.5 (12)

τI = τ + 0.5τd (13)

τD = 0.5τd(τ + 0.1667τd)

τ + 0.5τd
(14)

Eq. (12)is derived usingEqs. (3), (6) and (10). Eq. (13)is
derived usingEqs. (4), (6), (9) and (12). Eq. (13)is derived
usingEqs. (5), (9), (11) and (12).

3. Simulation results for stable systems

Let us consider a stable FOPTD model withkp = 1, τ =
1 andτd = 0.5. The PID controller settings by the present
method arekc = 2.5, τI = 1.25 andτD = 0.2167. The PID
settings by the open loop Z–N method arekc = 2.4, τI = 1
andτD = 0.25. The PID settings by the IMC method (Wang
et al., 2001) are:kc = 1.7137,τI = 1.0154,τD = 0.1669
and filter time constantτf = 0.01856.Fig. 1shows the com-
parisons of the servo response of the present method with
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Fig. 1. Comparison of servo responses for stable systems:kp = 1, τd = 0.5, τ = 1 with PID controller. Solid line: present method; dotted line: IMC
method; dashed line: Z–N method.

those of the other two methods. A similar performance is ob-
tained for the present method.Fig. 2shows the performance
for the regulatory problem (with the load transfer function
same as that of the process). A response similar to that of
Z–N method is obtained. Though an analytical derivation
for the Z–N method is available (Chidambaram, 1998), the
procedure is slightly complicated when compared to that of
the present method. The IMC method proposed byWang
et al. (2001)is based on numerical optimization method.
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Fig. 2. Comparison of regulatory responses for stable systems:kp = 1, τd = 0.5, τ = 1 with PID controller. Legend: as inFig. 1.

The present method is a simple one and the resulting tuning
formulae are also simple ones.Table 1gives the compar-
isons of ISE, IAE and ITAE for these three methods. The
present method is better than that of IMC. The robustness
of the controller is evaluated by perturbing the time delay as
0.6 in the process whereas the controller settings used are
for τd = 0.5. Fig. 3 shows the responses.Table 2gives the
comparisons of ISE for these methods under parameter un-
certainty for a servo problem and separately for a regulatory
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Table 1
ISE, IAE and ITAE values for stable system (e−0.5s/(s + 1)) with PID
controller

Method Servo problem Regulatory problem

ISE IAE ITAE ISE IAE ITAE

Presenta 0.6792 0.955 0.746 0.1101 0.4997 0.8776
Presentb 0.7573 1.119 0.9604 0.0967 0.367 0.5038
Z–N 0.696 1.016 0.863 0.1009 0.4273 0.6457
IMC 0.7434 1.038 0.743 0.1732 0.5928 0.9498

IMC: Wang et al. (2001).
a No tuning parameter.
b Two tuning parameters.

problem. Similar robust performances are also obtained for
uncertainty in process gain and separately in time constant
(refer toFig. 3). The performances under model parameter
uncertainty are better than that of IMC and close to that of
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Fig. 3. Servo responses under parametric uncertainty (with PID controller): (a) uncertainty in kp; (b) uncertainty in τ; (c) uncertainty in τd.

Table 2
ISE value comparisons for stable systems with PID controller under
parameter uncertainty (parameters for controller design: kp = 1, τd = 0.5,
τ = 1.0)

Method Servo Regulatory

ISE values for
uncertainty in

ISE values for
uncertainty in

20% kp 20% τ 20% L 20% kp 20% τ 20% L

Presenta 0.7544 0.6906 0.8933 0.1328 0.1057 0.137
Presentb 0.8212 0.7871 1.0611 0.0947 0.1151 0.091
Z–N 0.7612 0.7180 0.9064 0.1227 0.0970 0.128
IMC 0.7375 0.7884 0.8986 0.1980 0.1701 0.205

Z–N: Ziegler–Nichols method.
a No tuning parameter.
b Two tuning parameters.
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the Z–N method. As stated earlier, the simplicity in deriving
the controller settings is another plus point of the present
method.

4. Controller design for unstable systems

In this known that the performance specifications similar
to stable systems cannot be met for the unstable systems. The
overshoot and settling time are larger for unstable systems
(Chidambaram, 1997). Hence, we cannot force y(q)/yr(q)

in Eq. (8) as 1 by the method discussed in the earlier section.
If we equate y(q)/yr(q) to 1, then it can be checked by the
above procedure (similar to Eqs. (12)–(14)) that the integral
time becomes negative. Such settings make the closed loop
system unstable even for a small change in the system pa-
rameters. To avoid this problem, we have to make each of
the numerator term of Eq. (8) (except that of the coefficient
of q0) equals to α times that of the corresponding denomi-
nator term. By doing so, we get the following set of linear
algebraic equations for the PID controller settings:


1 − α 0.5(1 + α)ε 0

0.5ε(1 + α) 0.125ε2(1 − α) 1 − α

0.25ε(1 − α) 0.25
6 αε2 1 + α






k1

k2

k3




=




−α

α(1 − 0.5ε)

α(1 − 0.25ε)


 (15)

Since for the larger value of ε, the overshoot is larger
(Chidambaram, 1997; DePaor & O’Malley, 1989), we have
to assume correspondingly a larger value for the parameter
α. Here, α is a tuning parameter whose value is to be greater
than 1. The suitable value of α is found out by simulation
of the process model with the PID controller. Table 3 gives
the value of α and the corresponding PID settings obtained.
The following empirical equations are fitted for the resulting
PID settings:

Table 3
PID controller settings for unstable FOPTD systems using one tuning
parameter (Eq. (15))

S. no. ε α kckp τI/τ τD/τ

1 0.01 1.02 101.489 1.0151 0.005
2 0.025 1.05 41.4729 1.0382 0.0124
3 0.05 1.1 21.4459 1.0779 0.0246
4 0.1 1.2 11.3918 1.1620 0.0486
5 0.2 1.3 5.8451 2.9643 0.0978
6 0.3 1.4 4.1023 3.8068 0.1461
7 0.4 1.6 3.1939 5.25 0.1949
8 0.5 1.75 2.62 8.375 0.2450
9 0.6 1.95 2.27 9.75 0.2938

10 0.7 2.18 2.018 11.15 0.3427
11 0.8 2.43 1.8167 14.85 0.3928
12 0.9 2.71 1.6517 24.09 0.4440

ε = τd/τ.

kckp = 1.4183ε−0.9147 for 0.01 ≤ ε ≤ 0.9
τI

τ
= 16.327ε2 + 5.5778ε + 0.8158 for 0.01 ≤ ε ≤ 0.6

τI

τ
= 196ε2 − 247.28ε + 87.72 for 0.6 ≤ ε ≤ 0.9

τD

τ
= 0.4917ε for 0.01 ≤ ε ≤ 0.9

(16)

The R2 values (regression coefficients) for the above equa-
tions are respectively 0.9991, 0.988, 0.998 and 1.

5. Simulation results for unstable systems

Let us consider an unstable FOPTD system with kp =
1,τ = 1 and τd = 0.5. The PID settings by the present
method are given by kc = 2.62, τI = 8.375 and τD = 0.245.
For performance comparison, we use the pole placement
method (Clement & Chidambaram, 1997a, 1997b) and that
proposed by Huang and Chen (1999). The settings by the
pole placement method are kc = 1.4, τI = 5.688 and τD =
0.341 and the settings by Huang and Chen (1999) are: kc =
2.142, τI = 2.9087 and τD = 0.1603. Fig. 4 shows the servo
response for these settings. Fig. 5 shows the responses for
the regulatory problems. The response is better than that of
the pole placement method for both the servo and regulatory
problems. The overshoot is lesser for the present method
than that of Huang and Chen. However, it is found by sim-
ulation that response by the present method is inferior to
that of the IMC method and that by Visioli (2001). Further
controller settings cannot be obtained for τd > 0.9. Hence,
there is a need to improve the present method.

Hence, it is decided to equate the coefficient of power of q
to α1 times that of the denominator whereas the coefficient of
q2 and q3 is set to α2 (=βα1) times that of the denominator.
There are two tuning parameters: α1 and β. Similar to the
steps given in the previous section, we get the following
linear algebraic equations for the PID settings as:




1 − α1 0.5(1 + α1)ε 0

0.5ε(1 + α2) 0.125ε2(1 − α2) 1 − α2

0.25ε(1 − α2)
0.25

6 (1 + α2)ε
2 1 + α2






k1

k2

k3




=




−α1

α2(1 − 0.5ε)

α2(1 − 0.25ε)


 (17)

Here, α2 = βα1. To make the tuning procedure simple,
the value of β is kept as 0.6. Hence, there is only one tuning
parameter (α1). The value of this parameter (α1) is selected
by simulation. Table 4 gives the values of α1 selected and the
corresponding PID settings for different values of ε (=τd/τ).
The settings are fitted by the following simple equations:
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Fig. 4. Servo responses for unstable system (kp = 1, τd = 0.5, τ = 1). Solid line: present method (Eq. (15)); dashed line: pole placement; dotted line:
H–C method.
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Fig. 5. Regulatory responses for unstable system (kp = 1, τd = 0.5, τ = 1) with PID controller. Legend: as in Fig. 4.

kckp = 1.2824ε−0.8325 for 0.01 ≤ ε ≤ 1.2
τI

τ
= 5.5734ε − 0.0063 for 0.01 ≤ ε ≤ 0.5

τI

τ
= 0.483e3.3739ε for 0.5 ≤ ε ≤ 1.2

τD

τ
= 0.507ε + 0.0028 for 0.01 ≤ ε ≤ 1.2

(18)

The R2 (regression coefficient) values for the above
equations are 0.9942, 0.9993, 0.9853 and 0.9999,
respectively.

Fig. 6 shows the servo responses of the closed loop sys-
tem using the present settings, settings by Huang and Chen
(1999), the IMC settings (Rotstein & Lewin, 1991) and that
proposed by Visioli (2001). Fig. 6 shows the responses for
kp = 1, τd = 0.5, τ = 0.5. The filter time constant for the
IMC method is selected by simulation as 1.5. The corre-
sponding PID settings for the IMC method are kc = 2.444,
τI = 5.5 and τD = 0.2386 and for Visioli method are: kc =
2.4976, τI = 2.8879 and τD = 0.2901. The present method
gives a better performance than that of Huang and Chen
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Table 4
Controller settings for unstable FOPTD systems using two tuning param-
eters (Eq. (17))

S. no ε α1 kckp τI/τ τD/τ

1 0.01 1.2 70.242 0.0601 0.0055
2 0.05 1.3 14.9935 0.2696 0.0271
3 0.1 1.4 7.9031 0.5385 0.0538
4 0.2 1.6 4.3109 1.1361 0.1062
5 0.3 1.85 3.1608 1.615 0.1567
6 0.4 2.1 2.5464 2.252 0.2071
7 0.5 2.4 2.19345 2.7792 0.2561
8 0.6 2.75 1.9633 3.2208 0.3040
9 0.7 3.05 1.7382 4.8 0.3561

10 0.8 3.4 1.5694 7.5336 0.4087
11 0.9 4.1 1.4220 10.5703 0.4627
12 1.0 4.6 1.3616 16.0206 0.5108
13 1.1 5.1 1.2946 20.900 0.5604
14 1.2 6.0 1.2439 23.8115 0.6087

(1999). However, the methods of IMC and Visioli give bet-
ter performances. Fig. 7 shows the responses for the regu-
latory problem under perfect parameters. Since the method
proposed by Visioli (2001) is based on minimization of ISE,
this method gives the best performance (for ISE, IAE and
ITAE values refer to Table 5a). Under perfect parameters val-
ues, method of Visioli gives the best performance. However,
when 20% uncertainty is considered in the process gain (i.e.,
the controller is designed for kp = 1, whereas in the pro-
cess the process gain used is 1.2), the controller designed by
Visioli (2001) could not stabilize the system (refer to Fig. 8).
Similar stability problem arises for the Visioli method for
an uncertainty of −20% in time constant (also refer to
Table 6).
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Fig. 6. Servo responses for unstable system (kp = 1, τd = 0.5, τ = 1) with PID controller. Solid line: present method (Eq. (17)); dotted line: Visioli;
dashed line: H–C method; dot-dashed line: IMC.

Let us consider a process with a larger time delay (τd =
0.8). We get the PID settings for the present method as kc =
1.5694, τI = 7.5336 and τD = 0.4087; for Huang and Chen
method as: kc = 1.5419, τI = 9.6573 and τD = 0.2972.
The filter time constant for the IMC method is selected by
simulation as 3.0. The corresponding PID settings for the
IMC method are: kc = 1.7111, τI = 15.4 and τD = 0.3856
and those for Visioli method are: kc = 1.6208, τI = 3.6
and τD = 0.4478. Figs. 9 and 10 show the performance for
the unstable system with kp = 1, τd = 0.8 and τ = 1.0,
respectively for a servo problem and for a regulatory prob-
lem. The performance of the present method is the best.
Table 5b gives the comparison of ISE, IAE and ITAE val-
ues. When uncertainty in kp (+20% uncertainty) is consid-
ered then both the Visioli method and the Huang and Chen
method do not stabilize the system. Similar stability problem
also arises when an uncertainty in τd (+20% uncertainty)
is considered. The ISE values comparison under uncertainty
in the model parameter is given in Table 7. Similar situation
arises for system kp = 1, τd = 1.1 and τ = 1.0. PID settings
are calculated for this condition (for the present method as
kc = 1.2946, τI = 20.9 and τD = 0.56, for Huang and Chen
method as: kc = 1.2325, τI = 29.7549 and τD = 0.4645.
The filter time constant for the IMC method is selected by
simulation as 6.5. The corresponding PID settings for the
IMC method are: kc = 1.3207, τI = 55.8 and τD = 0.5446
and those for Visioli method are: kc = 1.2092, τI = 4.1833
and τD = 0.6687). Visioli method does not stabilize the sys-
tem. Figs. 11 and 12 show respectively the servo response
and the regulatory response for ε (=τd/τ) = 1.1. The present
method gives the best performance. The ISE, IAE and ITAE
values are given in Table 5c.
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Fig. 7. Regulatory responses for unstable system (kp = 1, τd = 0.5, τ = 1) with PID controller. Legend: as in Fig. 6.

Table 5
ISE, IAE and ITAE values for unstable systems with PID controller

Method Servo problem Regulatory problem

ISE IAE ITAE ISE IAE ITAE

(a) When kp = 1, τ = 1, τd = 0.5
Present 2.5305 2.9173 5.5623 0.822 1.4896 3.1119
H–C 3.5209 3.0243 4.7927 1.1113 1.5026 2.6593
IMC 2.3963 3.6104 10.234 0.9781 2.2494 7.3194
Visioli 2.079 2.7322 5.4129 0.5758 1.2711 2.7487

(b) When kp = 1, τ = 1, τd = 0.8
Present 10.47 7.541 24.58 6.369 5.324 18.28
H–C 15.06 8.402 26.62 9.345 6.263 21.32
IMC 11.75 10.84 60.21 7.940 8.779 52.17
Visioli 9.340 6.846 23.99 4.168 4.124 15.76

(c) When kp = 1, τ = 1, τd = 1.1
Present 50.32 20.31 112.43 40.13 17.26 96.34
H–C 90.78 26.99 149.18 76.66 24.14 135.69
IMC 86.07 41.22 441.33 76.65 38.51 420.65

H–C: Huang and Chen (1999); IMC: Rotstein and Lewin (1991).
Visioli method gives unstable response for case c.

6. Design of PI controller for unstable systems

A PI controller is designed using the method discussed
in the above section. Here, α1 is tuned greater than 1 and
α2 is selected as βα1. The value of this parameter (α1) and
β is selected by simulation of the process model with PI
controller. The value α1 increases with the value of ε. The
PID settings are fitted by the following simple equations:

kckp = 0.8624ε−0.9744 for 0.01 ≤ ε ≤ 0.6
τI

τ
= 143.34ε3 − 73.912ε2 for 0.01 ≤ ε ≤ 0.6

+ 19.039ε − 0.2276

(19)

The R2 (regression coefficients) values for the above equa-
tions are 0.9989 and 0.9967, respectively.

6.1. Simulation results for PI controllers

Let us consider a process (kp = 1, τ = 1, τd = 0.5). We
get the PI settings for the present method as kc = 1.7131
and τI = 8.8542, for Jung et al. (1999) method as: kc =
1.5353 and τI = 7.5753, for Poulin and Pomerleau (1996)
method: kc = 1.7987 and τI = 8.431. Figs. 13 and 14 show
the performance for the unstable system with kp = 1, τd =
0.5 and τ = 1.0, respectively for a servo problem and for a
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Fig. 8. Responses under uncertainty in kp for unstable systems with PID controller: kp = 1.0 for controller design; kp = 1.2 or 0.8 in the process. (a)
Present method (Eq. (17)); (b) H–C method; (c) IMC method; (d) Visioli method.

Table 6
ISE value comparisons for unstable systems for a PID controlled servo problem under parameter uncertainty (nominal parameters: kp = 1, τd = 0.5, τ = 1)

S. no. Method ISE values for uncertainty in

20% kp −20% kp 20% τ −20% τ +20% τd −20% τd

1 Present 2.1498 4.335 2.5517 3.1172 4.2407 1.9381
2 H–C 3.1421 5.9912 3.2079 5.6877 11.5862 2.2955
3 IMC 3.0325 3.535 2.3963 8.484 4.7198 1.8811
4 Visioli a 2.8767 1.9495 a 5.4122 1.521

H–C: Huang and Chen (1999); IMC: Rotstein and Lewin (1991).
a Means unstable.
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Fig. 9. Servo responses for unstable system (kp = 1, τd = 0.8, τ = 1.0) with PID controller. Legend: as in Fig. 6.
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Fig. 10. Regulatory responses for unstable system (kp = 1, τd = 0.8, τ = 1.0) with PID Controller. Legend: as in Fig. 6.

Table 7
ISE value comparisons for unstable systems for a PID controlled servo problem under parametric uncertainty for τd = 0.8

S. no. Method ISE values for uncertainty in

20% kp −20% kp 20% τ −20% τ +20% τd −20% τd

1 Present 16.518 33.75 9.99 a 37.33 7.98
2 H–C –a 37.37 8.39 a a 10.37
3 IMC 15.503 51.69 13.13 a a 9.14
4 Visioli –a 24.31 16.43 a a 5.68

H–C: Huang and Chen (1999); IMC: Rotstein and Lewin (1991).
a Means unstable.
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Fig. 11. Servo response for the unstable system (kp = 1, τ = 1, τd = 1.1) with PID controller. Solid line: present method (Eq. (17)), dashed line: H–C;
dot-dashed line: IMC (Visioli method is unstable).
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Fig. 12. Regulatory response for the unstable system (kp = 1, τ = 1, τd = 1.1) with PID Controller. Legend: as in Fig. 11 (Visioli method is unstable).

regulatory problem. In the work of Jung et al. (1999), a set
point filter is used. Here for fair comparison, the response
is compared with out set point filter. The performance of
the present method is the better than the method of Jung
et al. (1999) both for the perfect parameter and under uncer-
tainty in the model parameters. The ISE, IAE, ITAE values
are reported in Table 8. The ISE values comparison under
uncertainty in the model parameter is given in Table 9. Sta-
bility and robustness analyses are carried out in the next
section.

7. Stability analysis

The stability of the given controllers can be checked by
calculating gain and phase margin. Ho and Xu (1998) gave
a method of calculating phase margin and gain margin of
the unstable FOPTD system with PI controller. They have
suggested that PI settings, which give larger phase margin,
are preferred. In the present work, the method is extended for
calculating phase margin and gain margin for the unstable
FOPTD system with PID controller.
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Fig. 13. Servo response of the system: e−0.5s/(s−1) with PI controller. Solid line: Present method with two tuning parameters; dotted line: Poulin–Pomerleau
method; dashed line: Jung et al. method.
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Fig. 14. Regulatory response of the system: e−0.5s/(s − 1) with PI controller. Legend: as in Fig. 13.

Table 8
ISE, IAE and ITAE values for unstable systems (kp = 1, τ = 1, τd = 0.5) using PI controller

Method Servo problem Regulatory problem

ISE IAE ITAE ISE IAE ITAE

Present 9.59 6.74 22.64 5.50 5.168 19.09
Jung et al. 12.56 7.48 22.79 7.69 5.497 16.82
P–P 8.88 6.58 22.74 4.65 4.687 17.58

P–P: Poulin and Pomerleau (1996) and Jung et al. (1999).
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Table 9
ISE value comparisons for unstable systems for PI controlled a servo problem under parametric uncertainty for τd = 0.5

S. no. Method ISE values for uncertainty in

20% kp −20% kp 20% τ −20% τ +20% τd −20% τd

1 Present 9.07 20.22 7.88 a 37.13 6.71
2 Jung et al. 8.77 a 10.67 31.41 32.82 8.93
3 P–P 11.00 16.05 6.81 a a 5.78

P–P: Poulin and Pomerleau (1996) and Jung et al. (1999).
a Means unstable.

Table 10
Gain margin and phase margin for the systems (e−0.5s/(s − 1) and e−0.8s/(s − 1)) with the PID controller

Method Present Huang and Chen Visioli IMC

τd = 0.5 τd = 0.8 τd = 0.5 τd = 0.8 τd = 0.5 τd = 0.8 τd = 0.5 τd = 0.8

Am 1.4056 1.164 1.515 1.2788 1.1616 1.2169 1.2755 1.1253
φm (◦) 76.97 42.45 46.85 30.58 50.58 47.74 41.50 54.60

The process and controller transfer functions are denoted
by Gp(s) and Gc(s) respectively. The loop transfer function is

Gc(s)Gp(s) = kckp(1 + τIs + τIτDs2)e−τ ds

sτI(τs − 1)
(20)

The frequency at which the Nyquist curve has a phase of
−π (phase cross over frequency, ωp) is obtained by solving
the following equation:

(π

2

)
− tan−1

(
τIωp

τIτDω2
p − 1

)
+ tan−1(τωp) − τdωp = 0

if (1 − τIτDω2
p) < 0

−
(π

2

)
+ tan−1

(
τIωp

1 − τIτDω2
p

)
+ tan−1(τωp) − τdωp = 0

otherwise. (21)

The gain margin is obtained by the following equation:

Am =
(

τIωp

kckp

){
1 + τ2ω2

p

(1 − τIτDω2
p)

2 + 1

}0.5

(22)

The frequency at which the Nyquist curve has amplitude
of 1 is known as gain cross over frequency (ωg), is obtained
by solving the following equation:

kckp = τIωg

{
1 + τ2ω2

g

(1 − τIτDω2
g)

2 + 1

}0.5

(23)

The phase margin is given by the following
equation:

φm =
(π

2

)
− tan−1

(
τIωg

τIτDω2
g − 1

)
+ tan−1(τωg) − τdωg

if (1 − τIτDω2
g) < 0

φm = −
(π

2

)
+ tan−1

(
τIωg

1 − τIτDω2
g

)
+ tan−1(τωg) − τdωg

otherwise. (24)

In the present work, the phase margin and gain margin
are calculated for the system Gp(s) = e−0.5s/(s − 1) and
e−0.8s/(s−1) with the controller designed by different meth-
ods and are listed in the Table 10. Controller designed by the
present method gives large phase margin and hence more
stable than other methods. These are also shown by simula-
tion study of the closed loop response as discussed earlier.

8. Robustness analysis of the controller

A control system is said to be robust if the closed loop
system is stable even when the model parameters of the ac-
tual process are different than that used for controller design.
To compare the robustness of the different controller design
methods, the range of uncertainty in each of the model pa-
rameters for which the controller is stable is to be calculated.
The robustness of the closed loop system for the perturba-
tion separately in time delay, time constant and process gain
is analyzed theoretically by Kharitonov’s method (Sinha,
1994). In this method, the stability of four equations formed
from Kharitonov polynomials is to be checked. The char-
acteristic equation of the system using second order Pade’ s
approximation for delay is

P(s) = a0 + a1s + a2s
2 + a3s

3 + a4s
4 (25)
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where

a0 = kckp (26)

a1 = kckp(τI − 0.5τd) − τI (27)

a2 = kckp(0.0833τ2
d − 0.5τdτI + τIτD) + ττI

−0.5τdτI (28)

a3 = kckp(0.0833τIτ
2
d − 0.5τdτIτD) + 0.5τdττI

−0.0833τ2
dτI (29)

a4 = 0.0833kckpτIτDτ2
d + 0.0833ττIτ

2
d (30)

Kharitonov’s equations for a−
i ≤ ai ≤ a+

i (i = 0, 1, 2, 3,
4) are given below, where a−

i and a+
i are the lower bound

and upper bound for ai, respectively:

a−
0 + a+

1 s + a+
2 s2 + a−

3 s3 + a−
4 s4 = 0 (31)

a−
0 + a−

1 s + a+
2 + s2 + a+

3 s3 + a−
4 s4 = 0 (32)

a+
0 + a−

1 s + a−
2 s2 + a+

3 s3 + a+
4 s4 = 0 (33)

a+
0 + a+

1 s + a−
2 s2 + a−

3 s3 + a+
4 s4 = 0 (34)

For fixed values of kp and τ, a perturbation in time de-
lay τd i.e., when (τd − �τd) ≤ τd ≤ (τd + �τd) is sub-
stituted in the above coefficients and Kharitonov’s equa-
tions are checked for stability using Routh–Hurwitz method
(Kharitonov, 1978; Sinha, 1994). Similarly perturbation in
kp (for fixed τ and τd) and τ (for fixed kp and τd) is evalu-
ated and the stability ranges are listed in Tables 11 and 12.
Stability and robustness analysis for control of unstable with
PI controllers is given in Table 13.

The stability region for the controller designed by the
present method is found to be more than the controllers
designed by Visioli (2001) and IMC method (1991). Thus,
the controller designed by the present method is more robust
than the other methods. These are also shown by simulation
study of the closed loop response as discussed earlier.

Table 11
Stability region for kp, τ and τd for the system (e−0.5s/(s − 1)) with the
PID controller

Process
parameter

Present
method

H–C
method

Visioli
method

IMC
method

kp ±0.37 ±0.28 ±0.16 ±0.29
τ ±0.24 ±0.23 ±0.11 ±0.17
τd ±0.11 ±0.11 ±0.06 ±0.08

Table 12
Stability region for kp, τ and τd for the system (e−0.8s/(s − 1)) with the
PID controller

Process
parameter

Present
method

H–C
method

Visioli
method

IMC
method

kp ±0.22 ±0.22 ±0.16 ±0.13
τ ±0.15 ±0.16 ±0.12 ±0.09
τd ±0.12 ±0.11 ±0.10 ±0.07

Table 13
Gain margin, phase margin, stability region for kp, τ and τd for the system
(e−0.5s/(s − 1)) with the PI controller

Method φm (◦) Am Process parameter

kp τ τd

Present 9.7562 1.3963 ±0.20 ±0.15 ±0.09
P–P 8.7854 1.3253 ±0.19 ±0.12 ±0.07
Jung et al. 9.5302 1.5398 ±0.17 ±0.18 ±0.12

P–P: Poulin and Pomerleau (1996) and Jung et al. (1999).

9. Design of PI controller for stable systems

In chemical industries, PI controllers are more common
than PID controllers. In the present section, a PI controller
is designed for stable FOPTD systems using two tuning
parameters. The value of α1 is selected as either equal to
1 or less than 1 and α2 is tuned equal to βα1 where β =
0.6. PI settings are tuned for different values of ε using
simulation and the setting are fitted by the following simple
equations.

kckp = 0.9719ε−0.8915

for 0.1 ≤ ε ≤ 1
τI

τ
= 10.59ε2 − 2.3588ε + 0.8985

for 0.1 ≤ ε ≤ 0.4
τI

τ
= 0.7719ε4 − 3.6608ε3 + 6.5791ε2 + 5.1652ε

+2.8059

for 0.4 ≤ ε ≤ 1.5 (35)

The R2 values for the above equations are 0.9931, 0.9933
and 0.9983, respectively.

9.1. Simulation results

The performance of the proposed method with two tuning
parameters is evaluated on the system: e−s/(s + 1). We get
the PI settings for the present method as kc = 0.9127 and
τI = 1.3304, for Abbas (1997) method as: kc = 0.4182 and
τI = 1.5, for Ziegler and Nichols (1942) method: kc = 0.9
and τI = 3.33. Figs. 15 and 16 show the performance for
the stable system with kp = 1, τd = 1 and τ = 1.0, re-
spectively for a servo problem and for a regulatory problem.
The performance of the present method is the best for both
servo and regulatory problem. For servo problem, though
the overshoot is large it has faster settling time compared to
the other methods. The ISE, IAE, ITAE value comparisons
are given in Table 14. The ISE values comparison under un-
certainty in the model parameter is given in Table 15. The
present method is more robust.
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Fig. 15. Servo response of the system: e−0.5s/(s + 1) with PI controller. Solid line: present method with two tuning parameters; dotted line: AA method;
dashed line: Z–N method.
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Fig. 16. Regulatory response of the system: e−0.5s/(s + 1) with PI controller. Legend: as in Fig. 15.

10. Design of PID controller for stable systems

The method proposed (with out any tuning parameter) in
the earlier section for the design of PID controllers for sta-

ble systems gives oscillatory responses though gives almost
similar performance of controller designed by Z–N method.
Hence, there is need to improve the method using two tuning
parameters as discussed for unstable systems. In the present
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Table 14
ISE, IAE and ITAE values for stable systems (kp = 1, τ = 1, τd = 0.5)
using PI controller

Method Servo problem Regulatory problem

ISE IAE ITAE ISE IAE ITAE

Present 1.4447 2.037 3.288 0.7343 1.534 4.54
Abbas 2.1674 3.592 11.10 1.6281 3.586 18.26
Z–N 1.7784 3.685 17.94 1.228 3.672 25.04

Z–N: Ziegler and Nichols (1942) and Abbas (1997).

Table 15
ISE value comparisons for stable systems under parameter uncertainty
using PI controller (parameters for controller design: kp = 1, τd = 1,
τ = 1.0)

Method Servo Regulatory

ISE values for
uncertainty in

ISE values for
uncertainty in

20% kp 20% τ 20% L 20% kp 20% τ 20% L

Present 1.5072 1.502 1.7796 0.9649 0.7075 0.919
Z–N 1.5877 1.8254 1.927 1.426 1.2015 1.318
Abbas 1.8978 2.2538 2.3 1.937 1.6204 1.732

Z–N: Ziegler–Nichols method.

section, a PID controller is designed for stable FOPTD sys-
tems using two tuning parameters. The value of α1 is se-
lected as equal to 1.2 and α2 is tuned equal to βα1 where
β = 0.8. PID settings are tuned for different values of ε
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Fig. 17. Servo response of the system: e−0.5s/(s + 1) with PID controller. Solid line: Present method with two tuning parameters; dotted line: IMC
method; dashed line: Z–N method.

using simulation and the setting are fitted by the following
simple equations:

kckp = 1.377ε−0.8422 for 0.1 ≤ ε ≤ 1

τI

τ
= 1.085ε0.4777 for 0.1 ≤ ε ≤ 1

τD

τ
= 0.3899ε + 0.0195 for 0.1 ≤ ε ≤ 1

(36)

The R2 values for the above equations are 0.9974, 0.9958
and 0.9975, respectively.

10.1. Simulation results

The performance of the proposed method with two tun-
ing parameters is evaluated on the system: e−0.5s/(s + 1).
We get the PID settings for the present method as kc =
2.398 and τI = 0.7852 and τD = 0.2206. The performance
of the controller is compared with the Z–N method and
IMC method (Wang et al., 2001). Figs. 17 and 18 show
the performance for the stable system with kp = 1, τd =
0.5 and τ = 1.0, respectively for a servo problem and
for a regulatory problem. The performance of the present
method is the better than that of the Z–N method and IMC
method for regulatory problem and there are no oscilla-
tions in the response for servo problem. For servo prob-
lem, though the overshoot is large it has faster settling time
compared to the other methods. The ISE, IAE, ITAE value
comparisons are given in Table 1. The ISE values compar-
ison under uncertainty in the model parameter is given in
Table 2.
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Fig. 18. Regulatory response of the system: e−0.5s/(s + 1) with PID controller. Legend: as in Fig. 17.

11. Conclusions

A simple method is proposed for PI/PID controller set-
tings for stable FOPTD and also for unstable FOPTD sys-
tems. The method gives a simple set of equations for the
controller settings. The present method is robust for un-
certainty in the model parameters. For stable systems, the
present method gives the best performance when compared
to that of Ziegler and Nichols (1942) method and that by
Abbas (1997). For unstable systems, the performance of the
present PID controller is significantly better than the method
proposed by Huang and Chen (1997) and Visioli (2001) and
IMC method and the response of proposed PI controller is
better when compared to that of Jung et al. (1999). For unsta-
ble systems also, robust responses are obtained. The stability
and robustness analysis of the proposed controller are eval-
uated theoretically by phase margin method and Kharitonov
theorem respectively.
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